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Abstract
In this paper we obtain a new solution of a brane made up of a scalar field coupled to a dilaton.
There is a unique parameter b in the solution, which decides the distribution of the energy density
and will effect the localization of bulk matter fields. For free vector fields, we find that the zero mode
can be localized on the brane. And for vector fields coupled with the dilaton via eτpiFMNF
MN ,
the condition for localizing the zero mode is τ ≥ −
√
b/3 with 0 < b ≤ 1, or τ > −1/√3b with
b > 1, which includes the case τ = 0. While the zero mode for free Kalb-Ramond fields can not
be localized on the brane, if only we introduce a coupling between the Kalb-Ramond fields and
the dilaton via eζpiHMNLH
MNL. When the coupling constant satisfies ζ > 1/
√
3b with b ≥ 1 or
ζ > 2−b√
3b
with 0 < b < 1, the zero mode for the KR fields can be localized on the brane. For spin
half fermion fields, we consider the coupling ηΨ¯eλpiφΨ between the fermions and the background
scalars with positive Yukawa coupling η. The effective potentials for both chiral fermions have
three types of shapes decided by the relation between the dilaton-fermion coupling constant λ and
the parameter b. For λ ≤ −1/√3b, the zero mode of left-chiral fermion can be localized on the
brane. While for λ > −1/
√
3b with b > 1 or −1/
√
3b < λ < −
√
b/3 with 0 < b ≤ 1, the zero mode
for left-chiral fermion also can be localized.
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I. INTRODUCTION
The brane theory [1, 2], which considers our four-dimensional universe as a hyper-surface
(“brane world”) embedded in more higher dimensional space-time, has received a great of
renewed attention. In this theory all matter fields are confined to the brane in a high-
dimensional space, while only gravity is free to propagate in all dimensions. The extra
dimensions can be compact [3–5], or infinite and non-compact [6, 7]. This theory has opened
up new avenues to explain some questions in particle physics and in astrophysics, such as
the hierarchy problem, the cosmological problem, the nature of dark matter and dark energy
[4–6, 8–11].
Some brane models consider the brane as infinitely thin branes with delta-like localization
of matter, which are ideal models [4–6]. So some thick brane models are proposed. The thick
branes are usually realized naturally by one [12–23] or two [24–26] background scalar fields
configuration coupled with gravity. For a comprehensive review on thick brane solutions
and related topics please see Ref. [27].
In this paper, we will investigate the localization of various matter fields on a thick brane
generalized by two background scalar fields, i.e., a kink scalar and a dilaton scalar, which is
similar to that in Refs. [24, 28]. But in our solution of the brane there is a unique parameter
b, which makes the solution in Refs. [24, 28] only one case of us. The unique parameter b
decides the distribution of the energy density of the bulk, and will effect the localization of
various bulk matter fields differently.
The localization of various matter fields on the branes is an important problem in the
braneworld theory, which in order to build up the standard model. It has been known that
massless scalar fields and graviton can be localized on branes of different types [5, 6, 29] with
exponentially decreasing warp factor. But spin-1 Abelian vector fields only can be localized
on the RS brane in some higher-dimensional cases [30], or on the thick de Sitter brane and
the Weyl thick brane [31, 32].
The anti-symmetric Kalb-Ramond (KR) tensor field Bµν was first introduced in the string
theory, in which it is associated with massless modes. Then it was used to explain the torsion
of the space-time in the Einstein-Cartan theory. Moreover in the four-dimensional space-
time, by a symmetry known as duality, antisymmetric tensor fields are just equivalent to
scalar or vector fields [33]. But in extra dimensions they will indicate new types of particles.
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Thus any observational effect involving the KR fields is a window into the inaccessible world
of very high energy physics. The investigation of the KR fields in the context of theories
with extra dimensions has been carried out in Refs. [28, 34–38].
In Refs. [34–36], the authors proved that in the background of RS space-time both the
massless and the massive KK modes of the KR fields appear much weaker than curvature
to an observer on the visible RS brane, however when the KR fields couple with the dilaton
fields, the trilinear dilaton-KR couplings may lead to new signals in Tev scale experiments.
While in Ref. [28], the author also proved that only when the KR fields couple with the
dilaon field, the zero mode of the KR fields can be localized on a thick brane. But there
is only a zero mode and no bound massive KK mode. In our work we also find that it is
necessary to introduce the dilaton-KR coupling in order to obtain a localized zero mode,
and we find there are massive bound KK modes.
And the localization of the spin 1/2 fermion fields is also interesting. It has been proved
that in order to have normalizable zero modes the fermion fields should couple with the
background scalars. With different scalar-fermion coupling, there may exist a single bound
state and a continuous gapless spectrum of massive fermion KK states [17, 39–42], or exist
finite discrete KK states (mass gap) and a continuous gapless spectrum starting at a positive
m2 [32, 43–45], or even only exist bound KK modes [46, 47]. While in this paper, we will show
that with one scalar-fermion coupling to both background scalars, there will exist the above
three cases with different relation between the unique parameter b and the dilaton-fermion
coupling constant.
Our paper is organized as follows: In Sec. II, we give a brief review of the braneworld
generated by two scalars. Then, in Sec. III, we study the localization and mass spectra of the
vector, KR, and fermion fields on the brane by presenting the potentials of the corresponding
Schro¨dinger equations. Finally, a brief discussion and conclusion are given in the last section.
II. REVIEW OF THE BRANE GENERATED BY TWO INTERACTING
SCALARS
In this paper we consider the braneworld generated by two interacting scalars φ and pi.
The action of the system is
S =
∫
d5x
√−g
[
1
2κ25
R− 1
2
(∂φ)2 − 1
2
(∂pi)2 − V (φ, pi)
]
(1)
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with R the scalar curvature and κ25 = 8piG5, where G5 is the 5-dimensional Newton constant.
Here we set κ5 = 1. The line-element of a 5-dimensional space-time can be assumed as
[24, 28, 48]
ds2 = e2A(y)ηµνdx
µdxν + e2B(y)dy2, (2)
where e2A and e2B are the warp factors and y stands for the extra coordinate. And the
background scalars φ, pi are assumed to be only the functions of y, because the brane can
be treated as the cross-section of the bulk. In this model, the thick brane is realized by
the potential V (φ, pi). Then the equations of motion generated from the action (1) with the
ansatz (2) are given by
1
2
φ′2 +
1
2
pi′2 − e2BV = 6A′2, (3)
1
2
φ′2 +
1
2
pi′2 + e2BV = −6A′2 − 3A′′ + 3A′B′, (4)
φ′′ + (4A′ −B′)φ′ = e2B ∂V
∂φ
, (5)
pi′′ + (4A′ − B′)pi′ = e2B ∂V
∂pi
, (6)
where the prime stands for the derivative with respect to y.
The solutions of the system can be found by following the superpotential method [12].
With the superpotential function W (φ) and suppose V = e−2
√
b/3 pi
[
1
2
(∂W
∂φ
)2 − 4−b
6
W 2
]
, it
can be verified that the following first-order differential equations are the solutions of the
equations of motion (3-6):
φ′ =
∂W
∂φ
,A′ = −1
3
W, B = bA, pi =
√
3bA, (7)
where b is a positive constant. For a specific superpotential W (φ) [24, 28]:
W (φ) = vaφ
(
1− φ
2
3v2
)
, (8)
the solutions are found to be
φ(y) = v tanh(ay), (9)
A(y) = −v
2
9
(
ln cosh2(ay) +
1
2
tanh2(ay)
)
, (10)
pi(y) =
√
3b A(y), (11)
B(y) = b A(y), (12)
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where v, a are both positive constants. It can be seen that the solution for φ is a kink and
pi =
√
3bA is the dilaton field consistent with the metric and the kink. The solutions in
Refs. [24, 28] are only one case of above solutions when we let v2/9 = β and b = 1/4. And
here we have another parameter b, which leads to new solutions of the brane world. Our
solutions for the brane are not amount to a simple coordinate change, because the solutions
are decided by the scalar potential V (φ) with the parameter b, which does not depend on
the coordinate systems.
In order to clarify this question more clearly, we would like to discuss the effect of the
parameter b on the brane under the physical coordinate y¯. To this end, we perform a
coordinate transformation dy = e−bAdy¯ to translate the different coordinate y to the same
physical coordinate y¯. Then the metric is read as
ds2 = e2A(y(y¯))ηµνdx
µdxν + dy¯2. (13)
With the relation of the two coordinate systems we have
y¯ =
∫ y
0
ebAdy˜ →
∫ y
0
e−
2v2a
9
by˜dy˜, for y˜ →∞, (14)
so it can be seen that in this new coordinate system the extra dimension y¯ is finite (with
y¯max =
9
2v2ab
), which is different from the un-physical and infinite coordinate y. For different
b, the boundary of the extra dimension y¯ is also different.
Now we can investigate the energy density of the system T00(y¯) in the new coordinate.
With the solution (10) and the relation between the two coordinates we calculate the values
of the energy density T00(y¯) at y¯ = 0 and at |y¯| → y¯max:
T00(0) = a
2v2, (15)
T00(|y¯| → y¯max) → 4a
2v4
27
(b− 2)
(
− 2v
2a b
9
y¯ + 1
)−2(b−1)/b
, (16)
from which we can see that the behavior of T00(|y¯| → y¯max) at the boundaries of the extra
dimension is:
T00(|y¯| → y¯max) =


0, 0 < b < 1
− 4
27
a2v4, b = 1
−∞, 1 < b < 2
0, b = 2
∞, b > 2
. (17a)
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FIG. 1: The shapes of the energy density T00(y¯) for different b. The parameters are set to a =
1, v = 1.
We plot the energy density T00(y¯) for different b using numerical method in Fig. 1.
In the following we will mainly discuss the effect of the parameter b on the localization
of bulk matter fields.
III. LOCALIZATION AND MASS SPECTRA OF VARIOUS BULK MATTER
FIELDS ON THE BRANE
In this section we will investigate the localization and mass spectra of various bulk mat-
ter fields in this braneworld by presenting the potentials of the corresponding Schro¨dinger
equations. In order to make sure the solutions of the system obtained before valid, we treat
the bulk matter fields considered below as perturbations around the background [49, 50],
namely, we neglect the back-reaction of bulk matter fields on the background geometry. And
we will use the conformally flat metric
ds2 = e2A(z)
(
ηµνdx
µdxν + dz2
)
. (18)
Comparing it with the metric (2), we find the two coordinate systems are connected by
dz = e2(b−1)Ady. For the conformally flat space-time, the extra dimension z will be infinite for
0 < b ≤ 1 and finite (with |z| ≤ zmax = 92v2a(b−1)) for b > 1. From the following calculations
we can see that the mass-independent potentials can be obtained conveniently with the
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conformally flat metric (18), and we will mainly investigate the effect of the parameter b on
the zero modes and the spectra for various bulk matter fields.
A. Spin-1 vector fields
First we investigate the localization of the spin-1 vector fields in 5-dimensional space.
The action of vector fields coupled with the dilaton is
S1 = −1
4
∫
d5x
√−g eτpigMRgNSFMNFRS , (19)
where the field strength tensor is given by FMN = ∂MAN − ∂NAM and τ is the coupling
constant between the dilaton and the vector field. The equations of motion can be obtained
using the background geometry (18):
eτpi
1√−gˆ ∂ν(
√
−gˆgˆνρgˆµλFρλ) + gˆµλe−A∂4
(
e(A+τpi)F4λ
)
= 0, (20)
eτpi∂µ(
√
−gˆgˆµνFν4) = 0. (21)
Then with the gauge choice A4 = 0 and the decomposition of the vector field Aµ(x, z) =∑
n a
(n)
µ (x)ρn(z)e
−(1+
√
3b τ)A/2, we find that the KK modes of the vector field satisfy the
following Schro¨dinger-like equation:
[−∂2z + V1(z)] ρn(z) = m2nρn(z), (22)
with mn the masses of the 4-dimensional vectors, and the effective potential is
V1(z) =
(1 +
√
3b τ)2
4
(∂zA)
2 +
1 +
√
3b τ
2
∂2zA. (23)
Furthermore, providing the orthonormality condition∫ zb
−zb
dz ρm(z)ρn(z) = δmn, (24)
we can get the 4-dimensional effective action:
S1 =
∑
n
∫
d4x
√
−gˆ
(
− 1
4
gˆµαgˆνβf (n)µν f
(n)
αβ −
1
2
m2n gˆ
µνa(n)µ a
(n)
ν
)
, (25)
where f
(n)
µν = ∂µa
(n)
ν − ∂νa(n)µ is the 4-dimensional field strength tensor.
We rewrite the potential (23) as the function of y:
V1(y) = e
2(1−b)A
[
1 +
√
3b τ
2
∂2yA+
(1 +
√
3b τ)2 + 2(1 +
√
3b τ)(1− b)
4
(
∂yA
)2]
. (26)
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So with the relation dz = e(b−1)Ady, we can get the values of V1(z) at z = 0 and |z| → zb:
V1(0) = −1
6
a2v2(1 +
√
3b τ), (27)
V1(|z| → zb) = v
4a2(1 +
√
3b τ)(3− 2b+√3b τ)
81[−2v2a
9
(b− 1)z + 1]2 . (28)
In order to get a zero mode, we have to insure that the value of V1(z) at z = 0 is negative,
the condition is turned out to be
τ > −1/
√
3b, (29)
From which we can see that if τ = 0, namely, there is no coupling between the vector and
the dilaton field, there could also exist a zero mode. Then with the condition (29), the
potential V1(z) is volcano-like and PT-like ones for 0 < b < 1 and b = 1, respectively. And
for b > 1, the potential will divergent at the boundary of the extra dimension with τ 6= 2b−3√
3b
,
but vanish with τ = 2b−3√
3b
. We plot the shapes of the potential in Fig. 2.
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FIG. 2: The shapes of the potentials of the vector field V1(z) for different parameter b, and
a = 1, v = 1, τ = 0.
Under the condition (29), the zero mode for the vector field can be obtained by setting
m0 = 0:
ρ0 ∝ e
(1+
√
3b τ)
2
A(z). (30)
8
In order to check whether the zero mode for the vector field can be localized on the brane, we
can investigate whether it satisfies the orthonormality condition
∫ zb
−zb dz ρm(z)ρn(z) = δmn
(or
∫ y¯max
−y¯max dy¯ e
−Aρm(y¯)ρn(y¯) = δmn). With relation dz = e(b−1)Ady, we get
∫
ρ20dz =
∫
ρ20e
(b−1)Ady →
∫
e
−2v2a
9
(b+
√
3b τ) ydy for y →∞, (31)
which is in accord with that in Ref. [24].
So if there is no coupling between the dilaton and the vector fields, the orthonormality
condition for the zero mode becomes
∫ y¯max
−y¯max
dy¯ e−Aρ20(y¯) ∝
∫ y¯max
−y¯max
dy¯ < ∞, (32)
which is the same with that in Ref. [29]. However it is clear that the zero mode for the
vector field can be localized on the brane, because the extra dimension y¯ is finite.
While for the case that there is a coupling, it can be obtained from the relation (31) that
the condition for the localization of the zero mode for the vector field is τ ≥ −√b/3 for
0 < b ≤ 1 or τ > −1/√3b for b > 1.
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FIG. 3: The shape of the zero mode for vector field ρ0(z) with a = 1, v = 1, τ = 0.
Because the zero mode can be localized on the brane for different b, so there will no
unstable KK modes. For b < 1 there is no massive bound KK mode but some resonance
may exist. And there will be finite number of the massive bound KK modes for b = 1, but
infinite ones for b > 1.
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B. The Kalb-Ramond fields
In this subsection we investigate the KR fields. The action of a KR field coupled with
the dilaton is
SKR = −
∫
d5x
√−g eζpiHMNLHMNL, (33)
where HMNL = ∂[MBNL] is the field strength for the KR field, H
MNL = gMOgNPgLQHOPQ
and ζ is the coupling constant. The equations of motion derived from this action and the
conformal metric (18) read:
eζpi∂µ(
√−gHµαβ) + ∂4(
√−geζpiH4αβ) = 0, (34)
eζpi∂µ(
√−gHµ4β) = 0. (35)
If we choose the gauge Bα4 = 0 and make a decomposition of the KR field B
αβ
(n)(x
λ, z) =∑
n bˆ
αβ
(n)(x
λ)U(n)(z)e
(−7−√3ζ)A/2, we will get the following Schro¨dinger equation for the KK
mode Un(z):
(− ∂2z + VKR(z))Un(z) = m2nUn(z), (36)
where the effective potential V (z) takes the following form
VKR =
(1−√3bζ)2
4
A′2 +
√
3bζ − 1
2
A′′. (37)
Provided the orthonormality condition
∫ zb
−zb dz Um(z)Un(z) = δmn, the action of the KR field
(33) is reduced to
SKR = −
∑
n
∫
d4x
√
−gˆ
(
gˆµ
′µgˆα
′αgˆβ
′βhˆ
(n)
µ′α′β′ hˆ
(n)
µαβ +
1
3
m2ngˆ
α′αgˆβ
′β bˆ
(n)
α′β′ bˆ
(n)
αβ
)
(38)
with hˆ
(n)
µαβ = ∂[µbˆαβ] the 4-dimensional field strength tensor.
The expression of the effective potential for the KR field VKR can be written as the
function of y:
VKR = e
2(1−b)A
[√
3bζ − 1
2
∂2yA +
(1−√3bζ)2 + 2(1−√3bζ)(1− b)
4
(
∂yA
)2]
. (39)
So with the braneworld solution (10), the values of the potential VKR(z) at z = 0 and at the
boundaries are
VKR(0) = −1
6
a2v2(
√
3bζ − 1) (40)
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and
VKR(|z| → zb) =
a2v4(
√
3bζ − 1)(√3bζ + 1− 2b)
81(−2v2a
9
(b− 1)z + 1)2 . (41)
In order to get negative value of the potential VKR(z) at z = 0, the parameter ζ should
satisfy
ζ > 1/
√
3b, (42)
which is necessary for the localization of the zero mode. Therefore, it is clear that the zero
mode of free KR fields (ζ = 0) can not be localized on the brane, and the coupling with the
dilaton field pi is necessary for the purpose of localizing the KR field zero mode. From Eq.
(41), it can be seen that, under the condition (42), the potential is a volcano-like one and a
PT-like one for 0 < b < 1 and b = 1, respectively. While for b > 1, the potential is divergent
at the boundary z = zmax with ζ 6= 2b−1√3b , but vanishes with ζ = 2b−1√3b . We plot the shapes of
the potential for KR field KK modes in the conformally flat space-time in Fig. 4.
-20 -10 0 10 20
0.00
0.05
0.10
0.15
VKRHzLHb=0.5,Ζ=0L
-10 -5 0 5 10
0.05
0.10
0.15
z
VKRHzLHb=1,Ζ=0L
-5 0 5
0.00
0.05
0.10
0.15
VKRHzLHb=1.3,Ζ=0L
-20 -10 0 10 20
-0.4
-0.3
-0.2
-0.1
0.0 z
VKRHzLHb=0.5,Ζ=2L
-10 -5 0 5 10
-0.4
-0.3
-0.2
-0.1
0.0 z
VKRHzLHb=1,Ζ=2L
-10 -5 0 5 10
0.0
0.5
1.0
1.5
z
VKRHzLHb=1.3,Ζ=2L
FIG. 4: The shapes of the potentials of the KR field VKR(z). The parameters are set to a = 1, v = 1.
So with the condition (42) we can obtain a zero mode for the KR field by setting m = 0:
U0 ∝ e
√
3bζ−1
2
A(z). (43)
We also should check whether the zero mode for the KR fields can be localized on the brane
through the orthonormality condition
∫ zb
−zb dz U
2
0 (z) <∞. With the relation dz = e(b−1)Ady
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we get
∫
U20dz =
∫
U20 e
(b−1)Ady →
∫
e−
2av2
9
(
√
3bζ−2+b)ydy for y →∞. (44)
Thus only when the coupling constant ζ satisfies ζ > 1/
√
3b for b ≥ 1 or ζ > 2−b√
3b
for
0 < b < 1, the integral
∫ zb
−zb U
2
0dz is finite, i.e., the zero mode for the KR field can be
localized on the brane. The shape of the zero mode for KR field is plotted in Fig. 5.
The spectrum structure of KR KK modes under the condition (42) is similar to the case
of vector fields.
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FIG. 5: The shape of the zero mode for KR field U0(z) with a = 1, v = 1, ζ = 2.
C. The spin-1/2 fermion fields
In the last subsection, we investigate the spin-1/2 fermion fields. Consider a massless
spin 1/2 fermion coupled with gravity and the background scalars φ and pi in 5-dimensional
space, the Dirac action is
S1/2 =
∫
d5x
√−g
(
Ψ¯ΓM(∂M + ωM)Ψ− ηΨ¯F (φ, pi)Ψ
)
(45)
with η the coupling constant and F (φ, pi) the type of the coupling. As in Ref. [51, 52], we
have ΓM = (e−Aγµ, e−Aγ5), ωµ = 12(∂zA)γµγ5, ω5 = 0, where γ
µ and γ5 are the usual flat
gamma matrices in the 4D Dirac representation. Then the 5-dimensional Dirac equation is
read as
{
γµ(∂µ + ωˆµ) + γ
5 (∂z + 2∂zA)− ηeAF (φ, pi)
}
Ψ = 0, (46)
where γµ(∂µ+ ωˆµ) is the 4-dimensional Dirac operator. Using the general chiral decomposi-
tion Ψ(x, z) = e−2A
∑
n
(
ψLn(x)fLn(z) + ψRn(x)fRn(z)
)
, we can get that fLn(z) and fRn(z)
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satisfy the following coupled equations
[
∂z + η e
AF (φ, pi)
]
fLn(z) = mnfRn(z), (47a)[
∂z − η eAF (φ, pi)
]
fRn(z) = −mnfLn(z), (47b)
where ψLn,Rn(x) satisfy the four-dimensional massive Dirac equations γ
µ(∂µ + ωˆµ)ψLn(x) =
mnψRn(x) and γ
µ(∂µ + ωˆµ)ψRn(x) = mnψLn(x). From the above coupled equations, we can
get the following Schro¨dinger-like equations for the KK modes of the left- and right-chiral
fermions:
(− ∂2z + VL(z))fLn = m2nfLn, (48a)(− ∂2z + VR(z))fRn = m2nfRn, (48b)
where the effective potentials take the following forms
VL(z) =
(
η eAF (φ, pi)
)2 − η∂z( eAF (φ, pi)), (49a)
VR(z) = VL(z)|η→−η. (49b)
Moreover provided the following orthonormality conditions for fLn and fRn:∫ zb
−zb
fLm(z)fLn(z)dz = δmn, (50)
∫ zb
−zb
fRm(z)fRn(z)dz = δmn, (51)
∫ zb
−zb
fLm(z)fRn(z)dz = 0, (52)
we can obtain the standard 4-dimensional action for massive chiral fermions:
S1/2 =
∑
n
∫
d4x
√
−gˆψ¯n(x)
[
γµ(∂µ + ωˆµ)−mn
]
ψn(x). (53)
From (49a) and (49b), it can be seen that, there must exist some kind of scalar-fermion
coupling in order to localize the left- and right-chiral fermions. And if we demand that
VL,R(z) are invariant under the reflection symmetry z → −z, F (φ(z), pi(z)) should be an
odd function of the extra dimension y. Thus we get F (φ(0), pi(0)) = 0 and VL(0) = −VR(0) =
−η∂z(F (φ(0), pi(0))), which results in that at most only one of the massless left- and right-
chiral fermions could be localized on the brane. However, the masses of the massive KK
modes of both chiral fermions are the same. In the following discussion, we only give the
mass spectra for the left-chiral fermions.
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In order to investigate the potentials of both chiral fermions, we use the relation ∂z =
e(1−b)A∂y to rewrite the potentials VL,R as the functions of y:
VL(y) = η e
2A
[
ηF (φ, pi)2 − e−bA
(
∂yF (φ, pi)
2 + F (φ, pi)∂yA
)]
, (54)
VR(y) = VL(y)|η→−η. (55)
Here we consider the case that the scalar-fermion coupling F (φ, pi) takes the form eλpiφ
with λ the dilaton-fermion coupling constant, then we can get the values of VL,R(z) at z = 0
and z → zb with the coordinate transformation dz = e(b−1)Ady and the expressions (54) and
(55):
VL(0) = −avη, (56)
VR(0) = avη, (57)
VL(z → ±zb) → v2η2[−2v
2a
9
(b− 1)z + 1] 2(1+
√
3bλ)
b−1
+
4av3η
9
(1 +
√
3bλ)[−2v
2a
9
(b− 1)z + 1]− (1+
√
3bλ)
b−1 −1, (58)
VR(z → ±zb) = VL(z → ±zb)|η→−η. (59)
So we can see that for 1+
√
3bλ = 0, the values of the potentials at the boundaries will tend
to a constant. And for 1 +
√
3bλ > 0, the values of VL,R(|z| → zb) will always vanish for
different b. While for 1 +
√
3bλ < 0, it will always divergent. Thus there are three cases in
total, which are decided by the relation between λ and b.
1. Case 1: 1 +
√
3bλ = 0
For the case 1 +
√
3bλ = 0, i.e., λ = −1/√3b, it can be seen that both VL(z → ±zb)
and VR(z → ±zb) trend to a constant v2η2, which means the potentials are PT-like ones for
left-chiral fermion with η > 0 and for right-chiral fermion with η > a/v. So there exists a
zero mode for left-chiral fermions for any positive value of η. And there will be a mass gap
between the bound KK modes and continuous ones for both chiral fermions. The shapes of
the potentials for a set of parameters are shown in Fig. 6.
From (47a) we can solve the zero mode for the left-chiral fermions:
fL0(z) ∝ exp
(
−η
∫ z
0
dzeA(z)F (φ(z), pi(z))
)
. (60)
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FIG. 6: (Color online) The shapes of potentials VL(z) and VR(z) with a = 1, v = 1, b = 0.5, η = 2.
In order to check whether the zero mode can be localized on the brane, we should check
whether the following integral∫
f 2L0(z)dz ∝
∫
exp
(
−2η
∫ z
0
dz eA(z)F (φ(z), pi(y))
)
dz
=
∫
exp
(
−2η
∫ y
0
e(b+λ
√
3b)Ady
)
e(b−1)Ady (61)
is finite. With the relation λ = −1/√3b, we have∫
f 2L0(z)dz →
∫
e−2η ydy, for b = 1, (62)∫
f 2L0(z)dz →
∫
e
−2 η
k(b−1) e
k(b−1)y
ek(b−1)ydy, for b 6= 1, (63)
with k = −2v2a/9, which are both finite for different b. So the orthonormality conditions
(50) are always satisfied, namely, the zero mode for the left-chiral fermion can be localized
on the brane with the dilaton-fermion coupling constant λ = −1/√3b.
Because the potentials are PT-like ones, so there exists mass gap for both chiral fermions
with large η > 0.
2. Case 2: 1 +
√
3bλ > 0
For this case 1 +
√
3bλ > 0, i.e., λ > −1/√3b, which includes λ = 0, it can be seen that
both VL(z → ±zb) and VR(z → ±zb) vanish, which means the potentials are volcano ones
for left- and right-chiral fermions with large η. So there is only zero mode for left-chiral
fermions for η > 0. And there dose not exist a mass gap, but some resonances may appear
for proper values of the parameters. The shapes of the potentials for both chiral fermions
are shown in Fig. 7.
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FIG. 7: (Color online) The shapes of potentials VL(z) and VR(z). For the parameters are set to
a = 1, v = 1, b = 0.5, λ = 1, η = 3.
Here we also need to check whether the zero mode (60) satisfies the conditions (50), i.e.,
whether the zero mode can be localized on the brane. From (61), we get that
∫
f 2L0(z)dz →
∫
e
− 2η
k(b+λ
√
3b)
ek(b+λ
√
3b)y
ek(b−1)ydy. (64)
So we find that, for λ > −1/√3b with b > 1 or −1/√3b < λ < −
√
b/3 with 0 < b < 1, the
integral is finite, and the zero mode of the left-chiral fermion can be localized on the brane.
But for b = 1, the integral is infinite.
3. Case 3: 1 +
√
3bλ < 0
For the last case 1 +
√
3bλ < 0, i.e., λ < −1/√3b, the potentials VL,R(z) are divergence
at z → ±zb. So there will be only bound KK modes for both chiral fermions, but there is
only the zero mode for left-chiral fermion for positive value of η. We plot the shapes of the
potentials for both chiral fermions in this case in Fig. 8.
From the relation (64), we find that the integral
∫ zb
−zb f
2
L0dz is always finite in this case,
so the zero mode of left-chiral fermion (60) can be localized on the brane.
IV. DISCUSSIONS AND CONCLUSIONS
In this paper, by presenting the shapes of the mass-independent potentials of KK modes in
the corresponding Schro¨dinger equations, we investigated the localization and mass spectrum
of various bulk matter fields in a braneworld. The braneworld is generated by two interacting
scalar fields, i.e., the kink φ and the dilaton pi. There is a unique parameter b in the solution,
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FIG. 8: (Color online) The shapes of potentials VL(z) and VR(z). The parameters are set to
a = 1, v = 1, b = 1, λ = −1, η = 3.
which leads to different distributions of the energy density of the system, and will effect the
localization of various bulk matter fields.
For spin-1 vector fields coupled with the dilaton via eτpiFMNF
MN , when τ > −1/√3b,
the effective potential is a volcano-like potential for 0 < b < 1 and a PT-like one for b = 1.
But it will diverge at the boundaries of the extra dimension for b > 1 but τ 6= 2b−3√
3b
, and
vanish for τ 6= 2b−3√
3b
. And there is always a localized vector zero mode for τ > −√b/3 with
0 < b ≤ 1, or τ > −1/√3b with b > 1. So when τ = 0, i.e., the case without coupling with
the dilaton, the vector zero mode can also be localized on the brane for any b > 0.
For KR fields coupled with the dilaton pi, using the conformal metric and the KK de-
compositions, we also obtained the Schro¨dinger equations for the KR KK modes. When the
coupling constant ζ satisfies ζ > 1/
√
3b with b ≥ 1, or ζ > 2−b√
3b
with 0 < b < 1, there will
be a localized zero mode. And with ζ > 1/
√
3b, there are also three types of potentials for
different b, which is similar to the vector fields.
While for spin 1/2 fermion fields, in order to localize the left-chiral and right-chiral
fermions on the brane, some kind of coupling between the fermions and the background
scalars should be introduced. In the paper, we considered the coupling type ηΨ¯eλpiφΨ with
positive Yukawa coupling constant η. We found that the relation between the constant λ
and b is crucial. With different relations, there will be three types of potentials.
If λ = −1/√3b, the potentials for left- and right-chiral fermions with lager η are PT-like
ones. So there is a zero mode for left-chiral fermion and the zero mode can be localized
on the brane for different b. The number of the massive bound KK modes for both chiral
fermions is finite for b > 0.
For λ > −1/√3b, the potentials for both chiral fermions become volcano potentials.
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Therefore, there is no massive bound KK mode for this case. The zero mode for left-
chiral fermion can be localized on the brane for b > 1 and λ > −1/√3b, or b < 1 and
−1/√3b < λ < −√b/3. However, for b = 1, the zero mode for left-chiral fermion can not
be localized on the brane.
The potentials for left- and right-chiral fermions have infinite potential wells when λ <
−1/√3b, so there will be only bound KK modes for any b > 0. The zero mode for the
left-chiral fermion can be localized on the brane.
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